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Homework Assignment 1, Solutions

Problem 1.

@) Leta:[O 10 0],thenord(a)|15:>ord(a) isl,3,50r15.
a=[0 1 0 0]z 0 0 0],a%*=[0 0 0 1#[1 0 0 0],
a®=[1 0 0 0].0ord(a)=5.

(b) We use trialnd error. Try[l 10 O].

M1 00=p121414r100=o011,
[ The order of[l 10 0] must be 15.

Problem 2.

(@) ord(a) | (49-1) = ord(a) canonlybe 1, 2, 3, 4,6, 8, 12, 16,2 48.

I 1 2 3 4 6 8 12
x' mod(x? —3) | X 3 3X 2 6 4 1

0 The order ofa is 12.

(b) There are quite a few interesting ways to solve this problem. wWee3jexamples
below.

1. A systematic procedure to find a primitive root is by using Gauss’s algorithm.
Gauss’s algorithm can be found on page 38, RIM Finite Field notes.

2. Use trial and error. Try3 =1+ x. And we found3* =2x=a". Let t = ord(p).

Then
t = gcdt,4) ord(B*) = gedt,4) ord(a®) = gcdt,4) E—IL =12[gcdt,4)
gcd@25)

= gcd¢,4) =4=t=48= [ =1+ x is a primitive root.
q= 0,25 - (a5)5 - (ﬂ4)5 = ﬂZOI
3. Use trial and error. Ley, =2+ X, y, =1+ 2x. Then
Yo =6, 1y =6x= (o)1) = Voyy =36x=x=a.
OLet B=y,y,=1+5x,thenp’ =aq.
ord(B) = gcdrd(B),4) lord(B*) = gcdord(3),4) brd(a) =12[gcdrd(B),4)
= gcdrd(f),4) =4= ord(f) =48= [ =1+5x is a primitive root.
(c) 1. Forf=1+x,1andg are linearly indpendent. And 18 =1+ xand
[? =4+ 2x are linearly dependent 3> -2 -2=0.
0  The minimal polynomial off is x* —2x—2=x* +5x+5.
2. For f =1+5x, with the same method we find:
The minimal polynomial of3 is x* +5x + 3.

Problem 3.

I a’ ord(a') deg@) | Minimal polynomial




7 1011 |15 4 (x—a ) (x-a*)x-a®)(x-a™) =x* +x* +1
8 0101 |15 4 x*+x+1

9 1010 |5 4 X'+ + X%+ x+1

100111 |3 2 x?+x+1

111110 |15 4 x* +x3 +1

12| 1111 |5 4 X'+ X3+ X2+ x+1

13| 1101 |15 4 x'+x3+1

1411001 |15 4 x*+x3 +1

Problem 4.

(a) n=15, m=4. Leta be a primitive root in GF(16), then the conjugate classois
{a,a?,a*,a®} , the conjugate class of a®is {a® a® a'?,a®}, the conjugate
class ofa® is {a°,a'% , the conjugate class af” is {a”,a™,a™,a'}.

- The generator polynomiai(x) = lcm(mp(a), mp(@?),---,mp(a®™)), O

t 1 2 3 4 5 6 7
deg@(x)) |4 8 10 14 14 14 14
Dimension| 11 7 5 1 1 1 1
(b)
t Generator polynomial g(x)
1 g(x) =mp(a) = x" +x+1
2 g(x) =mp(a) Mnp(a®) = x® +x" +x® +x* +1
3 g(x) = mp(a) np(a®) Mnp@®) = x° + x® +x° + x* + x* + x+1
A<t<7 | g(x)=mp(a) np(a®) Onp(a®) Mnp(a”) = x* + X + X2 + x* + x'° + x°
+XCHX XX+ X XX+ x+]
Problem 5.

(a) For n=7,4" =1, the conjugate class g8 is {5,3%, 8%}, 0r=3 k=n-r =4,

For n=9, 8° =1, the conjugate class ¢ is {8, 5%, 5*, 8%, 5", 3},
Or=6,k=n-r=3.

For n=11, 8" =1, the conjugate class ¢f is
{B.B%,p%.B°,B°,6°,B°, 8", >, 8%, Or=10k=n-r=1.

For n=13, 8" =1, the conjugate class ¢f is
{ﬁ’ﬁZ,ﬁ4,ﬁB’BS,ﬂﬁ’ﬁlZ’ﬁll’ﬁQ,ﬁS’ﬁlO’ﬁ7}’ |:| r :12, k =n-r :l.

For n=15, 8* =1, the conjugate class of is {5, 5°,3", 5%},
Or=4,k=n-r =11,

For n=17,3"" =1, the conjugate class ¢f is

(B, BB B B, 3% B2 6%, Or=8k=n-r=09.



For n=

For n=

For n=

For n=

For n=

For n=

For n=

19, 8" =1, the conjugate class ¢f is
{ﬂ,52,ﬁ4,ﬁS,516’513’ﬁ7’ﬁ14,ﬁ9,ﬁ18,ﬁ17’ﬁlS’ﬁll’ﬁS’ﬁ6’ﬂlZ’ﬂS’ﬂIO}’
Or=18 k=n-r =1.

21, % =1, the conjugate class of is
{B,B% 6%, 6% B A", Or=6k=n-r =15.

23, 3% =1, the conjugate class of is
{ﬂ,ﬂZ,ﬁ4,ﬁ8,ﬂlG’ﬂg’ﬂ18,ﬂl3’ﬁ3’ﬁ6,ﬂl2}’ |:| r :11' k: n-r :12

25, %° =1, the conjugate class ¢ is
{ﬂ,ﬂ2,ﬁ4,ﬁ87ﬂ16aﬂ77ﬂ14aﬁ3aﬁ67ﬂ12aﬂ247ﬁ23aﬁ211
ﬂl7,ﬂg,ﬁls,ﬂll,ﬂZZ’ﬂIQ,BIS} !
Or=20k=n-r=5.

27, 3% =1, the conjugate class of is
{ﬂ,ﬂZ,ﬁ4,ﬁ8,ﬂ16,ﬂ5,ﬁ10,ﬂZO’ﬁlii,ﬂZG’ﬁZS’ﬁZI%’ﬂlQ’ﬁll’
ﬂ221B17)ﬂ7;ﬂ14} )

Or=18 k=n-r=9.
29, 5% =1, the conjugate class of is ﬁ{ﬁ‘}, Or=28k=n-r=1.

31, 8% =1, the conjugate class ¢f is
{B.B°.B*.8°, 5, Or=5k=n-r=26.

(b)

n m d Note

7 3 d=3 Hamming code.
9 6 d>3

11 |10 d=11 Repetition code.
13 |12 d=13 Repetition code.
15 |4 d=3 Hamming code.
17 |8 d>3

19 |18 d=19 Repetition code.
21 |6 d>3

23 |11 d>5 (d=7) | Golay (23,12,d=7) code.
25 |20 d=5

27 |18 >3

29 |28 d=29 Repetition code.
31 |5 d=3 Hamming code.




