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Problem 1.  

(a) Let [ ]0010=α , then )(15|)( αα ordord �  is 1, 3, 5 or 15. 

      [ ] [ ]00010010 ≠=α , [ ] [ ]000110003 ≠=α , 

      [ ]00015 =α . .5)( =∴ αord  

(b) We use trial and error. Try [ ]0011 . 

      [ ] [ ]11110011 3 = , [ ] [ ]11010011 5 = ,  

      ∴The order of [ ]0011  must be 15. 
 
Problem 2.  
(a) )()149(|)( αα ordord �−  can only be 1, 2, 3, 4, 6, 8, 12, 16, 24, or 48. 
I 1 2 3 4 6 8 12 

)3mod( 2 −xxi  x  3 x3  2 6 4 1 

      ∴ The order of α  is 12.  
(b) There are quite a few interesting ways to solve this problem. We give 3 examples  
     below. 

1. A systematic procedure to find a primitive root is by using Gauss’s algorithm. 
Gauss’s algorithm can be found on page 38, RJM Finite Field notes. 

2. Use trial and error. Try x+= 1β . And we found 54 2 αβ == x . Let )(βordt = . 
Then 
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3. Use trial and error. Let x+= 20γ , x211 +=γ . Then 
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Let∴  x5110 +== γγβ , then αβ =4 . 

      )4),(gcd(12)()4),(gcd()()4),(gcd()( 4 βαββββ ordordordordordord ⋅=⋅=⋅=  
      xordord 5148)(4)4),(gcd( +=�=�=� βββ  is a primitive root. 

(c) 1. For x+= 1β , 1 and β  are linearly independent. And 1, x+= 1β and  

         x242 +=β  are linearly dependent— 0222 =−− ββ .  

         ∴ The minimal polynomial of β  is 5522 22 ++=−− xxxx . 
     2. For x51+=β , with the same method we find: 

         The minimal polynomial of β  is 352 ++ xx . 
 
Problem 3.  
i iα  )( iord α  )deg(α  Minimal polynomial 



7 1011 15 4 1))()()(( 341113147 ++=−−−− xxxxxx αααα  
8 0101 15 4 14 ++ xx  
9 1010 5 4 1234 ++++ xxxx  
10 0111 3 2 12 ++ xx  
11 1110 15 4 134 ++ xx  
12 1111 5 4 1234 ++++ xxxx  
13 1101 15 4 134 ++ xx  
14 1001 15 4 134 ++ xx  
  
Problem 4. 

(a) n=15, m=4. Let α  be a primitive root in GF(16), then the conjugate class of α  is 
},,,{ 842 αααα , the conjugate class of 3α  is },,,{ 91263 αααα , the conjugate 

class of 5α  is },{ 105 αα , the conjugate class of 7α  is },,,{ 1113147 αααα .  
�  The generator polynomial ))(,),(),(()( 123 −= tmpmpmplcmxg ααα � , ∴       

t 1 2 3 4 5 6 7 
))(deg( xg  4 8 10 14 14 14 14 

Dimension 11 7 5 1 1 1 1 
      
      (b) 

t Generator polynomial g(x) 
1 1)()( 4 ++== xxmpxg α  
2 1)()()( 46783 ++++=⋅= xxxxmpmpxg αα  
3 1)()()()( 24581053 ++++++=⋅⋅= xxxxxxmpmpmpxg ααα  
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Problem 5. 
(a) For n=7, 17 =β , the conjugate class of β  is },,{ 42 βββ , ,3=∴ r 4=−= rnk .  

     For n=9, 19 =β , the conjugate class of β  is },,,,,{ 57842 ββββββ ,  
                    ,6=∴ r 3=−= rnk . 

     For n=11, 111 =β , the conjugate class of β  is   

                   },,,,,,,,,{ 6379105842 ββββββββββ ,  ,10=∴ r 1=−= rnk . 

     For n=13, 113 =β , the conjugate class of β  is   

                   },,,,,,,,,,,{ 71059111263842 ββββββββββββ ,  ,12=∴ r 1=−= rnk . 

     For n=15, 115 =β , the conjugate class of β  is },,,{ 842 ββββ ,  
                    ,4=∴ r 11=−= rnk . 

     For n=17, 117 =β , the conjugate class of β  is   

                   },,,,,,,{ 9131516842 ββββββββ ,  ,8=∴ r 9=−= rnk . 



     For n=19, 119 =β , the conjugate class of β  is   

                   },,,,,,,,,,,,,,,,,{ 10512631115171891471316842 ββββββββββββββββββ ,   
                   ,18=∴ r 1=−= rnk . 

     For n=21, 121 =β , the conjugate class of β  is   

                   },,,,,{ 1116842 ββββββ ,  ,6=∴ r 15=−= rnk . 

     For n=23, 123 =β , the conjugate class of β  is   

                   },,,,,,,,,,{ 12631318916842 βββββββββββ ,  ,11=∴ r 12=−= rnk . 

     For n=25, 125 =β , the conjugate class of β  is   
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,   

                    ,20=∴ r 5=−= rnk . 

     For n=27, 127 =β , the conjugate class of β  is   
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                    ,18=∴ r 9=−= rnk . 

     For n=29, 129 =β , the conjugate class of β  is }{
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β∪
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, ,28=∴ r 1=−= rnk . 

     For n=31, 131 =β , the conjugate class of β  is   

                   },,,,{ 16842 βββββ ,  ,5=∴ r 26=−= rnk . 
 
(b) 
n m d Note 
7 3 d=3 Hamming code. 
9 6 d≥3  
11 10 d=11 Repetition code. 
13 12 d=13 Repetition code. 
15 4 d=3 Hamming code. 
17 8 d≥3  
19 18 d=19 Repetition code. 
21 6 d≥3  
23 11 d≥5 (d=7) Golay (23,12,d=7) code. 
25 20 d≥5  
27 18 d≥3  
29 28 d=29 Repetition code. 
31 5 d=3 Hamming code. 
  


