
Approximation-generalization tradeo�
Small Eout: good approximation of f out of sample.
More 
omplex H =⇒ better 
han
e of approximating f

Less 
omplex H =⇒ better 
han
e of generalizing out of sample
Ideal H = {f} winning lottery ti
ket
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Quantifying the tradeo�
VC analysis was one approa
h: Eout ≤ Ein + Ω

Bias-varian
e analysis is another: de
omposing Eout into
1. How well H 
an approximate f

2. How well we 
an zoom in on a good h ∈ H

Applies to real-valued targets and uses squared error
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Start with Eout
Eout(g(D))= Ex

[(
g(D)(x) − f(x)

)2
]

ED

[
Eout(g(D))

]
= ED

[

Ex

[(
g(D)(x) − f(x)

)2
]]

= Ex

[

ED

[(
g(D)(x) − f(x)

)2
]]

Now, let us fo
us on:
ED

[(
g(D)(x) − f(x)

)2
]
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The average hypothesis
To evaluate ED

[(
g(D)(x) − f(x)

)2
]

we de�ne the `average' hypothesis ḡ(x):
ḡ(x) = ED

[

g(D)(x)
]

Imagine many data sets D1,D2, · · · ,DK

ḡ(x) ≈
1

K

K∑

k=1

g(Dk)(x)
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Using ḡ(x)

ED

[(
g(D)(x) − f(x)

)2
]

=ED

[(
g(D)(x) − ḡ(x) + ḡ(x) − f(x)

)2
]

= ED

[(
g(D)(x) − ḡ(x)

)2
+

(
ḡ(x) − f(x)

)2

+ 2
(
g(D)(x) − ḡ(x)

) (
ḡ(x) − f(x)

)]

= ED

[(
g(D)(x) − ḡ(x)

)2
]

+
(
ḡ(x) − f(x)

)2
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Bias and varian
e
ED

[(
g(D)(x) − f(x)

)2
]

= ED

[(
g(D)(x) − ḡ(x)

)2
]

︸ ︷︷ ︸var(x)

+
[(

ḡ(x) − f(x)
)2

]

︸ ︷︷ ︸bias(x)

Therefore, ED

[
Eout(g(D))

]
= Ex

[

ED

[(
g(D)(x) − f(x)

)2
]]

= Ex[bias(x) + var(x)]

= bias + var
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The tradeo�
bias = Ex

[(
ḡ(x) − f(x)

)2
] var = Ex

[

ED

[(
g(D)(x) − ḡ(x)

)2
]]

f

H bias var f

H

↓ H ↑ ↑
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