
VC dimension of per
eptrons
For d = 2, dv
 = 3

In general, dv
 = d + 1

We will prove two dire
tions:
dv
 ≤ d + 1

dv
 ≥ d + 1

down

up
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Here is one dire
tion
A set of N = d + 1 points in R

d shattered by the per
eptron:

X =










� x
T
1 �� x
T
2 �� x
T
3 �...�x

T
d+1�










=










1 0 0 . . . 0

1 1 0 . . . 0

1 0 1 0

. . . ... . . . 0

1 0 . . . 0 1










X is invertible
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Can we shatter this data set?

For any y =








y1

y2...
yd+1








=








±1

±1...
±1








, 
an we �nd a ve
tor w satisfying
sign(Xw) = y

Easy! Just make sign(Xw)= y

whi
h means w = X−1
y


© AM
L Creator: Yaser Abu-Mostafa - LFD Le
ture 7 9/24



We 
an shatter these d + 1 points
This implies what?
[a℄ dv
 = d + 1

[b℄ dv
 ≥ d + 1 X

[
℄ dv
 ≤ d + 1

[d℄ No 
on
lusion
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Now, to show that dv
 ≤ d + 1

We need to show that:
[a℄ There are d + 1 points we 
annot shatter
[b℄ There are d + 2 points we 
annot shatter
[
℄ We 
annot shatter any set of d + 1 points
[d℄ We 
annot shatter any set of d + 2 points X
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Take any d + 2 points
For any d + 2 points,

x1, · · · ,xd+1,xd+2

More points than dimensions =⇒ we must have
xj =

∑

i6=j

ai xi

where not all the ai's are zeros
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So?
xj =

∑

i6=j

ai xi

Consider the following di
hotomy:
xi's with non-zero ai get yi = sign(ai)

and xj gets yj = −1

No per
eptron 
an implement su
h di
hotomy!
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Why?
xj =

∑

i6=j

ai xi =⇒ w
T
xj =

∑

i6=j

ai w
T
xi

If yi = sign(wT
xi) = sign(ai), then ai w

T
xi > 0

This for
es
w

T
xj =

∑

i6=j

ai w
T
xi > 0

Therefore, yj = sign(wT
xj) = +1
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Putting it together
We proved dv
 ≤ d + 1 and dv
 ≥ d + 1

dv
 = d + 1

What is d + 1 in the per
eptron?
It is the number of parameters w0, w1, · · · , wd
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